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ABSTRACT 

In a recent work it has been shown that the bosonic strings could be embedded into a 
special class of = 1 fermionic strings. We argue that the superpartners of any physical 
state in the spectrum of this fermionic string is non-physical. So, there is no supersymmetry 
in the space of physical states and the embedding is, in this sense, "trivial". We here 
propose two different constructions as possible candidates of non-trivial embeddings of the 
non-critical bosonic strings into some special class of = 1 fermionic strings of which one 
is the non-critical NSR string. The BRST charge of the = 1 fermionic strings in both 
cases decompose as Qn=i = Qb + where is the BRST charge of the bosonic string. 
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Recently Berkovits and Vafa [1] have shown that the bosonic strings can be regarded 
as a particular class of vacua ior N = 1 fermionic strings. Their argument does not require 
a particular realization of bosonic strings but depends on a general bosonic string vacuum 
i.e. a conformal field theory with c = 26. Although the amplitude computation in their 
case depends on a special class of physical states known for the critical bosonic string, 
the construction should also work for the non-critical bosonic strings. In fact, a general 
cohomology argument has been given in ref.[2,3] which proves an isomorphism between the 
physical states of a general bosonic string and the = 1 fermionic string. This particular 
N = 1 fermionic string theory possesses a nonlinear N — 1 supersymmetry and an action 
for this string theory has been constructed in ref . [4] . 

In this paper, we consider the non-critical (cm < 1) bosonic string theory and con- 
struct the N = 1 generators in analogy with Berkovits and Vafa. This construction gives 
an embedding of the non-critical bosonic strings into a special class of A = 1 fermionic 
strings. We then argue that this embedding is "trivial" in the sense that there is no 
supersymmetry in the space of the physical states. We, however, propose two different 
constructions of the N = 1 generators from the fields of a non-critical bosonic string which 
satisfy superconformal algebras with c = |c = 10. In the first case, we use the hidden 
N — 2 supersymmetry present in the non-critical bosonic string theory [5,6,7] and 'un- 
twist' the energy-momentum tensor with the U{1) current of the combined ghosts, matter 
and Liouville system. Note that this was not possible for the critical bosonic string case 
in order to keep the Lorentz invariance of the theory. The other N = 1 generator, the 
supercurrent, is constructed as a linear combination of the antighost field b and a modi- 
fied BRST current. Unlike in the Berkovits- Vafa case, this construction gives a possibility 
of a non-trivial embedding of non-critical bosonic strings into a special class of A = 1 
fermionic strings. We point out that this particular type of A = 1 fermionic strings also 
possesses a nonlinear N = 1 supersymmetry. At this point it is natural to ask whether 
this special class of A = 1 fermionic strings has an interpretation in terms of the usual 
NSR type string having a linear A = 1 supersymmetry. In other words, is it possible to 
write down the A = 1 generators as the energy-momentum tensor and the supercurrent of 
a non-critical NSR string using some form of bosonization? A few cases that we checked 
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the answer to this question was found to be negative. This indicates there is no clear 
target space interpretation of this particular fermionic string. These are the motivations 
for us to look for the second construction. In this case, we find two pairs of linear = 1 
supermultiplets from the fields of a bosonic string and can be regarded as the matter and 
Liouville supermultiplets of a non-critical NSR string [8]. The N = 1 generators Tn^i and 
Gn=i in this case represent a novel realization of an AT = 1 superconformal algebra (with 
c = = 10) present in the non-critical bosonic string theory. Moreover, we show that 
the energy-momentum tensor T/v=i reduces to the 'untwisted' energy-momentum tensor of 
Cm < 1 bosonic string. This result gives an indication that there is a possible embedding 
of non-critical bosonic strings into non-critical NSR strings. We also show that the BRST 
charge of the N = 1 fermionic strings in both cases split up as Qn=i = Qb + Qb 
being the BRST charge of the bosonic string, which is also quite suggestive of the type of 
embedding mentioned above. 

We first describe briefiy the Berkovits-Vafa [1] construction for the non-critical bosonic 
strings. The total energy- momentum tensor of a non-critical (cm < 1) bosonic string is 
given as, 

f{z) = TM{z)+TL{z)+T^\z) (1) 

where 

Tm{z) = -- : d(l)M{z)d(j)M{z) : +iQMd'^4>Miz) 
Tl{z) = ~ : dcf>L{z)d4>L{z) : +iQLd^(t>L{z) (2) 
Tf'^(z) = -2 : b{z)dc{z) : - : dbiz)c{z) : 

are the energy-momentum tensors of the matter, Liouville and the ghost sectors with 0m, 
(f)L, the matter and Liouville fields and (6, c), the reparametrization ghost system having 
conformal weights 2 and —1 respectively. 2Qm and 2Ql are the background charges which 
satisfy -I- Qj^ = — 2 since the total central charge of the combined matter-Liouville 
system is 26. If we now 'untwist' the energy-momentum tensor (1) by the ghost number 
current J{z) =: c{z)b{z) : as T{z) = T{z) — ^dJ{z), the conformal weight of the ghosts 
change from (2, —1) to (|, — |) and can be regarded as the fermionic matter of an A/" = 1 
fermionic string. 
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The N = 1 generators are then given as, 

Tiv=i(^) = fiz) - ^dJiz) + ld\c,dc^)iz) 

(3) 

Gn=i{z) = h{z) + Jb{z) + ^d^c^iz) 

where the 'untwisted' ghosts with conformal weight (f , — ^) have been denoted as (&i,ci) 
and Jsiz) -. ci{z)[Tm{z) + Tl{z) + ^TB^iz)] : is the BRST current of the non-critical 
bosonic string. The total derivative terms in (3) are required for the closure of an A?" = 1 
superconformal algebra and the particular coefficients ensure that the central charge is 
c = 10 so that (3) can be regarded as the matter sector of an A/" = 1 fermionic string 
theory. The physical content of this N = 1 fermionic string theory can be obtained by 
looking at the cohomology classes associated with the BRST charge 

<5Ar=i ^ (fdz: [c{z)Tn=i{z) + -f{z)GN=i{z) + b{z)c{z)dc{z) - b{z)-f\z) 

3 1 ^ 

+-c{z)P{z)d^{z) + -c{z)d(3{zMz) 

where (6, c) and {(3, 7) are respectively the diffeomorphism and superdiffeomorphism ghost 
system of the N = 1 string theory. It has been shown in ref.[3], that there exists a 
homotopy operator where, 



R— — f dz : ci{z) 



j{z)b{z) + ldc{z)P{z) + c{z)dl3{z) 

(5) 

+ ^dciiz)ciz)biz) + ^dci{z)/3{z)j{z) 

by which one can bring Qn=i to a simplified form through a similarity transformation as, 

Qjv=i e~-^ = Qjv=o + Qtop (6) 

(Note that the numerical factors appearing in the operator R in (5) are different from 
those in ref.[3]). Here Qn=o = § dz [c{z) {Tm{z) + Tl{z)) + : b{z)c{z)dc{z) :] is the BRST 
charge of the non-critical bosonic string and Qtop = § dzbi{z)j{z) is the BRST charge 
of a topological sector. It is clear that Qtop = and {QN=o,Qtop} = 0. Also, since 
QtopCi{z) = 7(-z) and QtopP{z) = —bi{z), the only physical states in the cohomology of 



Qtop are the vacuum states. So, the physical states with respect to the cohomology of 
Qn=o + Qtop have the form: 

I bos > (g) I >top (7) 

where | bos > are the physical states of the bosonic string. From (6) it is obvious that 
there is a one-to-one map between the physical states with respect to the cohomology 
of Qn=o + Qtop and those with respect to the cohomology of Qn=i- Since the opera- 
tor § dzGN=i{z) is fermionic and it contains the fields in the topological sector 
(6i,ci,/5, and 7) we conclude that ^ dzGN=i{z) maps physical states on the cohomology 
of Qn=i into the non-physical ones. It is, therefore, clear that the supersymmetry is not 
realized in the space of the physical states. 

We here describe two new possiblities of embedding a non-critical bosonic string into 
some special class oi N = 1 fermionic strings. In the first case we use the hidden N = 2 
superconformal algebra in the non-critical bosonic string theory. It is well-known [7] that 
the generator T{z) as given in (1) together with 

G^{z) = Jb{z) + aid{cd(pL){z) + a2d{cd(pM){z) + a2,d'^c{z) 
G-{z) = b{z) (8) 
J{z) =: c{z)b{z) : —aid(j)L{z) — a2d(j)M{z) 

where Jb{z) is the BRST current given in (3) and ai, 02, 03 are some arbitrary constants, 
satisfy a twisted N = 2 superconformal algebra with central charge c^^^ = 603 provided 

ai = ] [iQLi^aa - 3) ± Qm (203 + 1)] 

t (9) 
a2 = ^ [iQM{2as - 3) ^ QL{2as + 1)] 

This gives a one parameter family of twisted N = 2 superconformal algebras present in 
the non-critical bosonic string theory. 

If we now 'untwist' the energy-momentum tensor (1) with the U{1) current J{z) in 

(8) as, 

T{z) = f{z) - ldJ{z) (10) 
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then the conformal weight of G'^{z) change from 1 to | and that of G (z) change from 2 
to |. Now, the new generators, 

Tn^^{z) = T{z) 
GN=i{z) = a4G-{z) + G+{z) 
where 04 is another arbitrary constant, satisfy an iV = 1 superconformal algebra with 



(11) 



central charge c — — 10 provided. 



«2 = ^ {iQm =F 3(5l) 

5 
2 

a4 = 1 



(12) 



as 



With these parameters, Tjv=i, Gjv=i can be regarded as the matter system of an A?" = 1 
fermionic string theory. We note that our energy- momentum tensor T/v=i does not require 
the total derivative term d'^{cdc) as in Berkovits-Vafa construction for the closure of the 
algebra. Also, Gn=i in our case matches exactly with Berkovits-Vafa with ai — a2 = 0. 
But ai = a2 = lead to inconsistencies in (12). With the solution (12), the energy- 
momentum tensor T;v=i takes the form 



- ^ : hdci : ~ : dbici 



(13) 



The new background charges 2Qm = |(5(5m ± ^iQl) and 2Ql = ^(SQl T ^^Qm) also 
satisfy Q\j + Q\ = —2. This, in fact, is the reason why the BRST charge of the N = 1 
theory decompose as, 

Qn=i ^Qb + Q (14a) 

where Qb = § dz : c —^d(f)Md(/)M + iQMd'^<t>M - \d<t>Ld4>L + iQLd'^4>L - bdc : is the 
BRST charge of the bosonic string and 



Q = (p dz : 



i{z)Gn=i{z) - ^c{z)h{z)dci{z) - ^c{z)dh{z)c^{z) - b{zh^{z) 
+ ^c{z)P{z)d^{z) + ^c{z)d(3{zMz) 



(146) 



We, however, do not find a homotopy operator by which (14a) can be brought to a sim- 
phfied form as in (6) . This clearly indicates that we do not have a decoupling of the fields 
(6i,ci,/3, 7) from the rest, contrary to the Berkovits-Vafa construction and (14) is quite 
suggestive that the non-critical bosonic string could be embedded non-trivially into this 
N = 1 fermionic string. Finally, we note that the matter content of this N = 1 the- 
ory {d(f)L,d(j)Mibi,ci) have spins (1,1,|, and — i) and so, the N = 1 supersymmetry is 
nonlinearly realized amongst them. 

In the second case, we look for two pairs of linear = 1 supermultiplets (90i, ipi) and 
(5(/)2, '^2) constructed from the matter, Liouville and the reparametrization ghosts of a non- 
critical bosonic string and consider them as the matter and the Liouville supermultiplets 
of a non-critical NSR string. The energy-momentum tensor and the supercurrent for a 
non-critical NSR string are given as 

TN=iiz) = -\ : dM^)dM^) ■■ +iQid''M^) - \ ■ d<t>2{z)d(j>2{z) : +iQ2d''(i>2{z) 

- \ ■ 'tpiiz)d'il;i{z) : : ilJ2{z)dip2{z) : (15a) 
Gn=i{z) = idMz)Mz) + '^QidM^) + id(t>2{z)i^2{z) + 2Q2d^l^2{z) (156) 

where 2Qi and 2Q2 are the background charges associated with the matter and the Liou- 
ville sector of a non-critical NSR string. 

These generators satisfy an A/" = 1 superconformal algebra with central charge c = 
|c = 10, provided the background charges satisfy 

Ql + Ql = -1 (16) 

The basic OPEs are defined as, 

< d(t>^{z)d(t>i{w) > =< d(t>2{z)d^2{w) >= - ]_ (17a) 

[z w) 

< i(;i{z)ipi{w) > =< il;2iz)ilJ2iw) >= — ^— (17&) 

[z — w) 

Let us now consider an energy-momentum tensor of the form, 
T{z) = ~ : d^M{z)d4>M{z) : +iQMd''(f>M{z) - ]- : d4>L{z)d(t>L{z) : +iQLd''M^) 
- (A; + -) : W{z)dc^{z) : -{k - -) : dh^{z)c^{z) : 



where d(t)M{z)i d(f)L{z) are two bosonic conformal fields with weight 1 and bi{z), ci{z) 

are two fermionic conformal fields with weight {k + |) and {—k + i) respectively. We 

introduce two more conformal fields : ^'^'^K't>M-r(l>L) . ^j^ere A > 0, with conformal weights 

TA((5m — iQL) with respect to (18). The basic OPEs in this case are 

1 

< d(j)L{z)d(j)L{w) > =< d(j)M{z)d(t)M{w) >= 



{z — wY 



< bi{z)ci{w) > 



(19) 



{z — w) 

We here note that the two fermionic fields : })^QiK<t>M-i4>L) . . (^^^-iK<t>M-i'l>L) . j^g^yg 
the same conformal weights equal to ^ with respect to (18) provided k = X{Qm — iQL)- 
We, therefore, define two fermionic fields, 

1 



bi{z)e 



i\{4>M—i4'L) 



{z) : +- : ci{z)e 



—i\{(t>M—i4>L) 



^^(^)eiA(<^M-i<^i,)(^) : -- : Ci(^)e-*^('^^-*'^^)(^) : 



(20) 



(21) 



consistent with the basic OPEs (17). 

Now we define two bosonic fields with conformal weight 1 with respect to (18) as, 
d(f)i{z) = t\d(j)M{z) + t2d(l)L{z) + \{it\ +^2) : hi{z)ci{z) : 

d(j)2iz) = gid(pMiz) + g2d(j)L{z) + X{igi + 92) ■ hi{z)ci{z) : 
where ti,t2, gi, §2 are arbitrary parameters. (20) and (21) give consistent basic OPEs 
among themselves if the parameters satisfy, 

(ti + it2){ti - it2) + X^{ti - it2f = 1 

{91 + i92){9i - ig2) + \^{gi - ig2f = 1 (22) 
^1^1 + g2t2 + \^{giti - ^2^2 - Wit2 - ig2ti) = 

Substituting (20) and (21) in (15a) we find that Tjv=i matches precisely with (18) provided 
the following relations are satisfied. 



gj + tl + X''^l 



9^ + 4 



X^ = l 



9192 + tit2 -iX =0 

g2Q2 + t2Qi = Ql 
91Q2 + tiQi = Qm 



(23a) 
(236) 
(23c) 
(23d) 
(23e) 



alongwith k = \{Qm — iQh)- We note that (22) are not new conditions but follow from 
(23). We here give the solutions of (23a)-(23e) for general k and A, 



(24) 



'^=-2*U+A+'*^2'5n-I+A+'* 



We here point out that the two solutions in (24) are not independent as they can be 
obtained hy g\ -fr^ t\ ; g2 Qi Q2'i ^ 1^ which is a symmetry of (23) and 

interchange the role of d(j)i and d(f)2 in (21). Also, using (24) we get from (23d) and (23e) 



Qm = 

l2 , ^2 _ 1 7.2 



k 



Ql Qm — i k 



(25a) 

(256) 
(25c) 



So, for general k = X{Qm — iQL) we find an exact correspondence between the two energy- 
momentum tensors (15a) and (18). Note, however, that for = 1 (25c) is precisely the 
background charge condition for a non-critical bosonic string and (18) can be recognized 
as the 'untwisted' (untwisted by the ghost number current J{z) =: c{z)b{z) :) energy- 
momentum tensor. In this case Ql = i{X + ^) and Qm = (^ — A). For A = -y/^, 
they describe the background charges of (p, q) minimal model coupled to gravity. This, 
therefore, proves an equivalence between the 'untwisted' energy-momentum tensor of a 
non-critical bosonic string with that of the non-critical NSR string. 

The other = 1 generator, the super current in (15b) expressed in terms of fields in 
the bosonic string is given as. 



Gn=i = {Qi+iQ2) : 

+ (Ql - iQ2) ■■ 



(3A + hd(l)Lbi + i(3A - hd(f)Mbi + ^dbi 
A A 



JX{4>M —'i4'L) 



^d(j)LCi - ^A90mCi + dci 



(26) 



-iX{4>M —i4>L) 
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It is straightforward to check that the generators (18) with k = 1 and (26) indeed satisfy 
an N = 1 superconformal algebra with c = |c = 10. We would like to point out that if we 
consider {d(f)i,ip2) and {d4>2,ipi) as the supermultiplets then the generator Gn=i takes a 
slightly different form: 

Gn=i = (Qi - iQ2) ■■ [SiXd(l)Lh - 3Xd(t>Mh + 2idh] e^^(<^^-^<^^) : 



+ l{Qi+iQ2) 



i{X - ^)d4)LCi - (A + ^)50mci 



-i\{<t>M-i4>L) . ^^'^^ 



Eqs.(18), (26) or (27) therefore gives a novel realization of an iV = 1 superconformal 
algebra in the non-critical bosonic string theory. 

The BRST charge in this case can be written as in (4) with Tjv=i as given in (18) 
with k = 1 and Gn=i as given either in (26) or in (27). Since (18) is the 'untwisted' 
energy-momentum tensor of a non-critical bosonic string, it is clear that the BRST charge 
would split up again as, 

Qn=i ^Qb + Q (28) 

where Q is again as given by (14b) with Gjv=i given in (26) or (27). We would like to point 
out here that this splitting is not obvious because Q does not contain any term present in 
Qb- However, in this case also we do not find a homotopy operator to bring Qn=i into a 
simplified form as in (6). This is quite expected since the physical states of an NSR string 
are not of the type (7). 

To conclude, we have argued that the Berkovits-Vafa embedding of bosonic strings 
into special class of A^" = 1 fermionic strings is "trivial" as there is no supersymmetry in 
the space of the physical states of this = 1 fermionic string theory. We have presented 
two separate constructions as possible candidates for non-trivial embeddings of non-critical 
bosonic strings into N = 1 fermionic strings. In one of the cases the N = 1 fermionic string 
is the usual NSR string. In both cases that we have considered the BRST charge splits 
up as Qn=i = Qb + Q, where is the BRST charge of the non-critical bosonic string. 
We, however, do not find any homotopy operator by which Qn=i can be brought into 
Qb + Qtop as happened in Berkovits-Vafa case. This clearly shows that we do not have 
a trivial decoupling of {bi , ci , /3, 7) from the bosonic string and we may have a non-trivial 
embedding. In fact, the splitting of the BRST charges as given above suggests that there 
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could be a similarity transformation by which Qn=i would decompose into two nilpotent 
and mutually anticommuting BRST charges, where one of them obviously is the bosonic 
BRST charge. This could simplify the cohomology analysis of the = 1 fermionic string 
theory. These questions are presently under investigation. 
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